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Abstract. This paper elucidates the connection between stationary symmetric a-stable pro- 
cesses with < Q < 2 and nonsingular flows on measure spaces by describing a new and unique 
decomposition of stationary stable processes into those corresponding to positive flows and those 
corresponding to null flows. We show that a necessary and sufficient for a stationary stable 
process to be ergodic is that its positive component vanishes. 



1. Introduction 



We consider the class of measurable stationary symmetric a-stable (henceforth, SaS) processes 
X = {X{t), t S T), < a < 2, both in discrete time (T = Z) and in continuous time (T = M). 
Unlike their Gaussian counterparts (a = 2) which can be neatly described by either covariance 
function or by the spectral measu re, the structur e of SqS processes with < a < 2 remained 
largely a mystery until the paper of lRosiiiskil ((19951) which showed that integral representations of 
stationary symmetric SaS processes can be taken to be of a special, and particularly illuminating, 
form. The general integral representations of a-stable processes, of the type 



:i.i) 



X{t) = [ ft{x) Midx), t G T 
Je 



where M is a SaS random me asure on E with a a- finit e con trol measii r e m, a nd ft S L "(m) for 



each t have been known since 



measures one can consult 



Bretagnolle et al 



( 19661 ^ and ISchreiben (|l972l ^ ; see also 



Schilder 



( 19701 ) and iKuelbd ()1973 ) (for basic information on inte grals wit h respect to st able random 



Samorodnitskv and Taaaul (|l994l )). What 



Rosiiiskil (|l995|) showed was 



that for measurable stationary SaS processes one can choose the kernel ft,t £ T in (|1.1() in a 
special way, described below. Note that we are considering both real-valued and complex-valued 
SaS processes. In the com plex- valued case we are assu r ning t hat the stable process is isotropic, or 
rotationally invariant fsee ISamorodnitskv and Taaaul (1199J)). In that case the random measure 
M in the integral representation can chosen to be isotropic as well. 
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According to iRosinskil ()l995l l one can choose the kernel in (jl.lj) in the form 



:i.2) 



ft{x) = atix) 



dm o q 
dm 



l/a 



for t €z T and x £ E, where / is a single function in L'^{m). Here {(pt) is a measurable family 
of maps from E onto E such that (pt+si^) = 0t((/'s(x)) for all t,s £ IR and x £ E, (j)o{x) = x 



for all X £ E, and m o 



m for all t £ JR. The assumptions mean that the family 



forms a measurable nonsingular flow on E. Finally, (at) is a measurable family of {—1, l}-valued 
(unit circle-valued in the complex case) functions on E such that for every s, t £ M we have 
at+six) = as{x)at{(l)s{x)) m-almost everywhere on E. This means that the family (at) forms a 
cocycle for the flow {(pt)- 

One can, therefore, relate, in principle, the ergodic-theoretical properties of the flow {(pt) to 
the probabilistic properties of the SaS process {X{t), t £ T), and under the lack of redundancy 
assumption 



:i.3) 



supp{/ o(Pt,t£T} = E, 



(which can, obviously, be always assumed) certain important ergodic-theoretical properties of the 
flow {(pt) remain permanent for a given process. That is, they do not change from a representation 
to representation. 

One such permanent feature of stationary SaS processes is the conservative- dissipative decom- 
position. Recall the Hopf decomposition of the flow E = C U D, where C and D are disjoint flow 
invarian t meas urable sets, such that the flow is conservative on C and dissipative on D (see e.g. 
Krengell ( 1985 ')). Then by writing 



;i.4) 



X{t) 



ftix) M{dx) + / ft{x) M{dx) 
c Jd 



X^{t) + X^{t), t £ T 



one obtains a unique in law decomposition of a stationary SaS process into a sum of two indepen- 
dent stationary SaS processes, one corresponding to a conservative flow and the to a dissipative 
flow (jEosihskil ()1995l 'l). (As far as terminology is concerned, we will say that a process corre- 
sponds to a particular flow, or is generated by a particular flow, if the process has an integral 
representation with the kernel of the form (|1.2j) and ^\.\^ holds.) 

Since the processes corresponding to a dissipative flow have an intuitively clear representation 
as mixed moving averages (introduced by 



Surgailis et al 



( 19931 )1 ■ attention focused on discerning 



further structures in the class of stationary SaS processes generated by conservative flows. The 
class of cyclic processes that generalize harmonizable processes was introduced and discussed by 
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Pipiras and Taaaul ( 2004 Other examples were discussed in Rosinski and Samorodnitskv ( 1996 ) 
and Isamorodnitskv J2004bl 'l. 

A further chahenge has been to find expUcit relations between the ergodic-theoretical properties 
of the flow underlying a stationary SaS process and pr obabilistic properties o f the process. Certain 



step s in this direction has been taken, fo r example, in 



and 



Resnick et al 



(1999|), 



Resnick et al 



(2000|) 



Mikosch and Samorodnitskv! (|2000|). The most explicit connection of this kind established 



up to date is the fact that the partial maxima of the processes generated by co nservative flows 



Samorodnitskv 



grow st rictl y slower than those of th e processes generated by dissipative flows; see 
(2004a|) and lsamorodnitskvl (l2004bl ). 

In this paper we present a decomposition of stationary SaS processes different from the 
conservative-dissipative decomposition (|1.4j) . the positive-null decomposition. While process gen- 
erated by a dissipative flow is generated by a null flow, processes generated by conservative flows 
can be generated by either positive or null flow. This will, therefore, clarify further the struc- 
ture of stationary SaS processes generated by conservative flows. We will see, further, that a 
stationary SaS process is ergodic if and only if it is generated by a null flow. 

We finish this introductory section by mentioning that the assumption of measurability of 
the processes we are considering is automatic in the discrete time case, and is equival ent to the 
assurn pti on of continuity in probab ilitv in the continuous time case. See Section 1.6 lAaronson 
( 1997 ^ or Pipiras and Taaau (20o3). 

The following section provides the basic decomposition of a stationary SaS process. Section 
131 relates this decomposition to ergodicity of the stable process. Finally, Section 0] discusses a 
number of examples of stationary stable processes in the context of the theory developed in this 
paper. 



2. Decomposition of stationary SaS processes: positive and null parts 

A nonsingular map on a cr-finite measure space {E, £, m) is a one-to-one map E ^ E 
such that both and are measurable and map the measure m into equivalent measures. 
A nonsingular map (p is called positive if there is a finite measure /x on {E,£) equivalent to m 
that is preserved under (j). A subset i? of -E is called weakly wandering if there is a sequence 
= uq < rii < n2 < . . . such that the sets (j)~^^B, A; = 0, 1, 2, . . . are disjoint. The positive-null 
decomposition of the map (/> is a decomposition of E into a union of two disjoint c/i-invariant 
measurable sets P and N (the positive and null parts of (p) such that the restriction of to P 
is positive, and N = U^Qi?^~"''i?, with B a measurable weakly wandering set and a sequence 



1.4 in 
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as above. This d ecompos i tion i s unique modulo null sets. See Section 
Aaronson (1997) and Section 3.4 in KreneeJ (1985). (In general, the above two references 



= n n < n^ < n-?, < 



are a source of the basic facts in ergodic theory used in this paper.) 

Given a (measurable) nonsingular flow (0t), each map (pt is a n onsingula r map , and has a 
corresponding positive-null decomposition E = P^UN^. One can show ( KrengeJ (1985)) that there 
are invariant measurable sets P and N (the positive and null parts of the flow) such that P^ = P 
and = N modulo null sets for all t > 0. The flow is positive if P = ii^ and null = E modulo 
null sets. 

Our first result shows the invariant nature of the property of being generated by a positive or 
b y a null fl o w, an d is parallel to the corresponding result for conservative and dissipative flows 
in EosihskJ ( 1995 ). Let W be class of functions : T — > [0, oo) such that w is nonincreasing on 
T n (— oo, 0], nondecreasing on T n [0, oo) and 



(2.1) 



w{t)\{dt) 



oo. 



w{t)\{dt) 

/rn(-oo,o] -'Tn[o,oo) 
Here A is the counting measure is T = Z and the Lebesgue measure if T = M. The (implicit) 
assumption in the theorem below is that the process is given in the form (|1.1|) with the kernel of 
the form (|r2|) and (|0|) holds. 

Theorem 2.1. (i) A stationary SaS process is generated by a positive flow if and only for any 
w W we have 



(2.2) 



/^Mt)i/ro0,^A(dt) 



dm 



oo m-a.e. 



(2.3) 



(ii) A stationary SaS process is generated by a null flow if and only for some w G W we have 

dm o (p^ 



w{t)\froci,t 



dm 



'-X{dt) < oo m-a.e. 



(Hi) If a stationary SaS process is generated by a positive (respectively, null) flow in one 
representation, then in every other representation it will be generated by a positive (respectively, 
null) flow. In particular, the classes of stationary SaS processes generated by positive and null 
flows are disjoint. 

Proof, (i) We start with the discrete time case T = Z. Suppose that (|2.2() holds for all tt; G W and 
assume that, to the contrary, N is not empty m-a.e. For a nonsingular map (j) and a nonincreasing 
nonnegative nonsummable sequence w = {wn, n = 0,1,2,...) there is a (uniquely determined 
modulo null sets) invariant set P^ such that for every strictly positive g G L^{m) 

, dm o , 



(2.4) 



^w{n)\g o (t>n{x)\' 



n=0 



dm 



— (x) = oo m-a.e. on P; 
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and 
(2.5) 



^w{n)\g o (/>„(x)|' 



, dm o (j)„ 
dm 



(x) < oo m-a.e. on = - P^, 



see Theorem 2 in 



It follows by Theorems 2 and 3 of iKrengell (|1967l ) that there is a nonincreasing nonnegative 
nonsummable sequence w^'^^ = {wi^\ n = 0, 1,2, . . .) such that ^'^(+) = N m-a.e. 

Note, furthermore, th at the iiull par ts of and coincide modulo null sets. Therefore, 
appealing once again to KrengeJ (1967) we see that there is a nonincreasing nonnegative non- 



summable sequence w^~'^ = {wn \ n = 0, 1, 2, . . .) such that N^(_j = M m-a.e. 

Defining wq = Wq^^ + Wq \ Wn = wi^~^ for n > 1 and Wn = Wn ^ for n < — 1 we obtain aw^W 
for which (|2.2|) fails at almost every point of N. Hence (p is positive. 



In the opposite direction, suppose that (j) is positive. By Theorem 2 of iKrengeJ ()l967l l. for 
every w £ W, 



oo 



and 



Since 



n=0 





, dm o 
dm 



oo m-a.e. on 



oo 

E 

,n=0 



1/ o >o 



w[n)\j o (pn\ = oo m-a.e. on 

dm 



' 

E 

. n=— oo 



1/ 



>0 . 



oo 



oo 



.n=0 



m-a.e., we obtain 1)2. 2() . This finishes the proof of part (i) in the case T = Z. 

Consider now the case T = M. Suppose that the flow {(pt) is positive, and let w G W. We have 



(2.6) 



"^'^l^l 



oo „i 

^A(dt)>5^«;(j) / l/r 
.7=1 



o (pt+j-l 



dm o (^t+j- 



dm 



-\{dt) 



'^w{j)g+ o 
i=i 



dm o 
dm 



where 
(2.7) 

Therefore, by Theorem 2 of iKrenge] (|l967l ^. 

dm o 



A(dt) = oo m-a.e. on < ^^5+ o 0^ > 

j=0 



Similarly, 
(2.9) 



dm o ^ 
dm 
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'-X{dt) = oo m-a.e. on < 



j=0 



where 
(2.10) 

Therefore, to prove (|2.2|) we need to show that 



9.{x)= I \fo4>^,+,{xr '^'^°/-''-\ x)X{dt), xeE. 

dm 



(2.11) 

To this end, note that 



5+ o > > U < o > 0> = E m-a.e. 



j=0 



j=0 



j=0 



j=0 



j=0 



dm o (pj 
dm 



> 



j=0 



and that 



and 



oo 
j=0 



j=0 



^ dm o 



dm o (/)_ 



dm 



dm o 
dm 

dm o 0. 



> > m-a.e. 



dm 

dm o (pt 
dm 



-X{dt) 
X{dt). 



If 1)2. 11() fails, then for some set A with m(A) > we have, for all x ^ A, ft{x) = for almost 
every t G M. By Fubini's theorem we conclude that for almost every t G R we have ft{x) = 
m-a.e. on A. Let now t G M, and choose a sequence tn ^ t such that ft^i^) = m-a.e. on A for 
each n. By the continuity in probability 

= lim / |/j(x) - /t,^(x)|"m(dx) > / \ft{x)\°' m{dx), 
■^^°°Je Je 

and for each t G M we have ft{x) = m-a.e. on A, contradicting the assumption of full support 
(fOl) . Therefore, follows. 

In the opposite direction, suppose that (|2.2|) holds for all w £ W and assu me that, to the 
contrary, N is not empty m-a.e. Applying, once again, to Theorems 2 and 3 of iKrengell ()1967l ) 
we conclude that there a nonincreasing nonnegative nonsummable sequence if = {w^\ n = 
0, 1,2,.. .) such that 

E°° / M , / \ I rv dm o 
w[n)\g^ o (pji[x)\ — [X) < oo a.e. on N 



n=0 



dm 
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with the function g+ given in (|2.7j) . Letting w{t) = for n — 1 < t < n, n = 2, 3, . . . and 

w{t) = Wq^^ for < f < 1, we see that 

(2.12) r «;(t)|/r o °'^* A((it) < oo a.e. on N. 

Jo 

Similarly we can find a nonincreasing nonnegative nonsummable sequence w^~'' = {wn \ n = 
0, 1,2,.. .) such that with w{—t) = Wn ^ for n — 1 < t < n, n = 2, 3, . . . and w{—t) = Wq ^ for 
< t < 1, we have 

f-O 



it'(i)l/r ° '/'i — r-^Kdt) < oo a.e. on N. 

-oo dm 



If we select w{0) large enough, we obtain w £ W for which 1)2. 2|) fails at a.e. point of N. This 
contradiction finishes the proof of part (i) in all cases, 
(ii) Consider first the case T 



= 2 


L If (H 


"3| holds for some w 


in 


Krenge 


show that P 



full support (|1.3j) and Theorem 2 in iKrengell (|1223) show that P = and so (t> is null. If, on the 
other hand, 4> is null, then appealing, as above, to Theorem 3 in lKrengell|l967l l we can construct 
w £ W for which (|2.3|) holds . In the case T = M we reduce the argument to the discrete time 
case as in the proof of (i). 

(iii) Suppose that X is generated by a positive flow in the representation (|l.lj) with the kernel 
of the form H1.2|) . and consider another representation (in law) of X 

Xit) = [ gtiv) Miidy), t G T, 
Js 

where Mi has a control measure mi and 

l/a 



9t{y) = a[^\y) (^"~^^~^(2/)^ 9 o My) 



with (ipt) a measurable nonsingular flow, and cocycle for this flow, and the functions {gt) 

have full support. We need to prove that the flow (ipt) is positive, and by part (i) we need to 
show that for every w £ W 



(2.14) J w{t)\gt\°'X{dt) = oo mi-a.e.. 

Let 

Pi = S^xGE: j w{t + A;)|/|" o Mx) "^"^^^^* (x)A(dt) = oo for all A: G z| . 

Then P^ is a flow invariant set (both in the cases T = Z and T = M) and, since for every k 
w{- + k) differs from a function in W only on a compact interval, it has a full measure b y part (i) . 
Therefore, one can restrict the integral in (|1.H1 and the flow to P^. By Theorem 1.1 in Eosinski 
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i 19951 1. there are measurable maps <5 : S" — > p4 and /i : S" — > M — {0} in the real- valued case and 
h : S ^ C — {0} in the complex-valued case such that 

9t{y) = h{y)ft{^{y)) for mi x A-a.e. {y,t). 

Choose a measurable set 5*1 C of full measure such that for every y £ Si this relation holds for 
A-a.e. t. We have for any y G Si 



wit)\gtiyrX{dt) = \h{y)\ / |/i(cl>(y))r A(dt) = oo 

T Jt 

since $(y) G Pi;- Therefore, {ipt) is positive. 
The argument for null flows is similar. 

□ 

Similarly to the conservative-dissipative decomposition, one can check conditions of the type 
given in parts (i) and (ii) of Theorem 12.11 without having to have a specific form of integral 
representation of a stationary process. Here we are allowing any measurable representation 
()1.1() . This is a representation in which the function ft{x) is jointly measurable in the vari- 
a bles X G E and t G T. Every meas urable SaS process has such representation; see Section 11.1 



m 



Samorodnitskv and TaqquI (|l994 ). In addition, we will assume the full support condition (|l.^-ij) . 



Corollary 2.2. A stationary SaS with a measurable and full support representation is 
generated by a positive flow if and only for any w G W we have 



(2.15) J w{t)\ft\'^ X{dt) = oo m-a.e. 

A process is generated by a null flow if and only for some w G W we have 

(2.16) j w{t)\ft\'^X{dt) < oo m-a.e. 



Proof. The same argument as in the proof of Corollary 4.2 in lEosiiiskil (|1223) reduces the situation 



to that in Theorem 12. II □ 

Remark 2.3. Note that the direct parts of Corollarv 12.21 holds without the assumption of full 
support. That is, if (|2.15|) (respectively, (|2.1H|) ) holds then the process is generated by a posi- 
tive (respectively, null) flow. Indeed, the above statements will still be valid if one reduces the 
integration to the support of the kernel {ft). 



Given a stationary SaS process X and any integral representation (jLlj) of the form (|1.2() and 
of full support, use the positive- null decomposition = P U N to write the following analog of 
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(2.17) X{t) = [ ft{x) M{dx) + / ft{x) M{dx) := {t) + X^{t), t G T 

a sum of two independent stationary SaS processes, one of which is generated by a positive flow, 
and the other one by a null flow. The next result shows that this decomposition is unique. 

Theorem 2.4. A decomposition of a stationary SaS process into a sum of two independent 
stationary SaS processes, one of which is generated by a positive flow, and the other one by a 
null flow, is unique in law. 



Proof. Consider any fixed minimal representation of the process X 

X{t)= [ gt{y)Mi{dy), teT, 
Js 

where Mi has a control measure mi and 

9t{y) = 4^\y) 9 o My) 

with (ipt) a measurable nonsingular flow, and CO cyc le for this flow, and the functions {gt) 

have full support. We refer the reader to iRosiiiskil ()l995l ) about basic facts and properties on 
minimal representations. Let X = X^ + X^ be the decomposition in 1)2. 17() with respect to that 
representation. 

Consider now any full support representation of the form (|1.2j) of the process X, and 

let X = X'^ + X''^ be the corresponding decomposition. We will prove that this decomposition 
coincides with the above deco mposition with respect to the fixed minimal representation. By 



Remark 2.5 in 



Rosinski 



(1995|) there is a measurable map ^ : E ^ S and a non- vanishing (real 
or complex- valued) measurable function h such that for each t £ T, ft{x) = h{x)gt{^{x)) m-a.e., 
and m ~ mi o Let E = P U N be the positive-null decomposition of the flow {(pt) and 

5 = P'^ U N*^ be the positive- null decomposition of the flow {ipt)- Let us prove that 



(2.18) 



$-1 I pi^ 



N = $ 



-1 



modulo sets of m-measure zero. 

If T = Z, select (using Theorem 3 in iKrengell (|l96?m a w £ W such that 



y £ S : ^ w{n)\g o tPn{y)\ 



Q. dmi o -0^ 
dmi 



(y) 



oo 



10 



G. SAMORODNITSKY 



up to a set of mi-measure zero. Notice (once again, by Theorem 3 in Kreneell (1967)) that for 
m-a.e. x G P, 

dm o 



^ w{n)\f o (t)n{x)\' 



dm 



-(x) = oo. 



Therefore also 



f; win)\g o MH^w '^'^'^ m^)) = °o, 



dm^ 



and so <I>(x) G P*^ for m-a.e. x G P. Hence 

(2.19) <I>^^ ^N*^^ C N modulo a set of m- measure zero. 

Select now a (perhaps different) w £ W such that 

, dm o , 



P= <^xGS: Y1 w{n)\f o (t>^{x)\' 

(, n=—oo 

up to a set of m- measure zero. Then for mi-a.e. y G P'^, 



dm 



— (Xj = OO 



^ w(n)\go V'«(j/)r ^"^J„° ^''" (2/) = oo. 



dm^ 



Since for m-a.e. x G N 



f; «;(n)|5oV„($(x))r^^^5i^($(x))<00, 

^-^ dm\ 

n=—oo 

we see that <l>(x) G N'^ for m-a.e. x G N. Hence 

(2.20) <1>~^ (P*^ I CP modulo a set of m-measure zero, 



and (ITTHl) follows from fTWi and 

In the case T = M, construct the functions g+ and g(_ as in (|2.7)1 and (|2.1())) for the flow {<j)t) and 
the corresponding functions and g^ for the flow (V't)- Notice that g+{x) = \h{x)\'^g^{^{x)) 
and 5_(x) = |/i(x)|"5:^($(x)) m-a.e. This reduced everything to the discrete time case. For 
example, there a w G W such that 

P^ = LeS: f;u;(n)btoVn(2/)|^^^^^(2/)+ ^ ^Wl^^^ ° V'n(2/)|^^^|;^(y) = ooj 

L n=0 ^ n=— oo ^ J 

up to a set of mi-measure zero, etc, and so we obtain ()2.18() as in the discrete time case. 

and ^ 



Once p.l8|) ha s been establish ed, the claim X'^ = X^^ and X^ = X^ follows as in the proof 



of Theorem 4.3 in 



lRosiTiskil(|l99,^V 



□ 
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Remark 2.5. Notice the relationship between the conservative-dissipative decomposition ()1.4|) 
and the positive-nuh decomposition ()2.4() of a stationary SaS process. Since every dissipative 
flow is nuh, we have a unique in law decomposition 

(2.21) X{t) = X^{t) + X^^{t) + X^{t), t e T, 

into a sum of three independent stationary SaS processes: one generated by a dissipative flow 
(the dissipative component of X), one generated by a conservative null flow (the conservative null 
part of X) and one generated by a positive flow (the positive part of X). In particular, we have 
the relations 

(2.22) X^{t) = X^{t) + X^^{t), t G T, 
and 

(2.23) X^{t) = X^{t) + X^^{t), t e T. 

Remark 2.6. More explicit descriptions of different components in the decompositions described 
in Remark l2.5l ar e desirable . For t he dissipative component X^ we have the mixed moving average 

X^{t)= [ [ f{v,x -t) M{dv,dx) , tGM, 

with M a SqS random measure on a product measurable space (W x M, W x B) with control 
measure m = v x Leb, where z/ is a cr-finite measure on (W,W), and / E L"(m,W x B). This 
representation has proven to b e very useful in investigations of pro p erties of processes generated 
by dis s ipative flows; see e.g. iMikosch and SamorodnitskyI (|200Cl ). iResnick and Samorodnitskv 



representation of 
(2.24) 



Eosihski 



( 20041 '! . ISamorodnitskvl (I2nn4al 'l and lSamorodnitskvl (l2004tf ) 



Consider now the positive component X-'^. Assuming this component is not degenerate (iden- 
tically zero) , take any representation of the form ()1.2() , and recall that there is a probability 
measure ^ on P invariant under the flow {(pt) and equivalent to the restriction of the control 
measure m to P. Therefore, we can write, in law, 



X^{t)= / at{x)go<l)t{x)M^{dx), teT 



(2.25) 

where is a SaS random measure on E with control measure fi, (at) is a length 1 cocycle for 
the flow {(j)t), and 



g(x) = fix) [^{x. 



l/a 



x£ E. 



This leads us to the following representation of stationary SaS processes generated by positive 
flows. 
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Let {p.' ,J^' , P') be a probability space, and {6t)teT a measurable group of shift operators (maps 
of Q' into itself.) Recall that a stochastic process A = {A{t), t S T) is called a (raw) multiplicative 
functional if for every s, t G M 

A{t) =A{s)A{t) oOs P'-a.s., 



see e.g. 



Sharp d (|1988l ). Let A be a multiplicative process with |^(t)| = 1 for all t ^ T. Let 



B = {B{t), t € T) = (-B(O) o 0^, t €z T) be a compatible with the shift {Ot) stationary process on 
{n',r,P'), such that ^'|S(0)|" < oo. 

Let, finally, M be a SaS random measure on (17', JT') with control measure P' (defined on a 
generic probability space P)). Then 



(2.26) X{t)= [ A{t)B{t)dM', t eT 



is, clearly, a symmetric SaS process (on (17, J^, ) corresponding to a positive flow. Furthermore, 
the expression ()2.25() shows that every process corresponding to a positive flow has a representa- 
tion of the form ()2.26|) . 

The representation in (|2.26|) describes the positive component of a stationary SaS process in 
terms of an stationary process with a finite moment of order a and a multiplicative functional of 
absolute value 1. It is an attractive representation from purely probabilistic point of view because 
both stationary processes and multiplicative functionals are important and widely studied objects 
of their own. 

Several particular cases have been long considered in literature. If the multiplicative functional 
A is identically equal to 1, then the SaS process has the form 



(2.27) X{t)= [ B{t)dM',teT, 

Jn' 

an integral of an L" stationary process. Processes of the f orm (12.271) have 



Cambanis et al 



3 een kn own as doubly 
{19M)) with a finite 



stationary processes (the term introduced, apparently, by 
control measure. The further particular cases where the stationary process B is a stationary 
zero mean Gaussian process or a symmetric /3-stable process with a < (3 < 2 are known as, 
correspondingly, sub-Gaussian or sub-stable processes and have an alternative representation as 

(2.28) X{t) = Ca,i3W^'^B{t), t e T, 

where now X and B live on the same probability space, Ca^p is a positive cons tant for a < < 2, 

and W is an independent of B positive strictly a / /3-stable random variable. See lSamorodnitskv and Taaau 
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Another important example of processes generated by positive flows that has been long studied 
is that of harmonizable processes. It corresponds to taking the stationary p rocess B to be constant 
and the multiplicative functional A of a special form. See lEosihskil (|l99fJ ). 

No "canonical" representation of the component X*^^ seems to be known at this time! 



3. Ergodicity 

Let [Q,J^,Py) be a probability space, and {9t)teT a measurable group of shift operators pre- 
serving P. Let X{t) = X{0) o t g M be a stationary process. Recall that a process X is ergodic 
if for every events A, B £ a{X{t), t £ M) 

lim ^ [ P{AnBo Ot) \{dt) = P{A)P{B). 

T-*oo T Jq 

A process X is weakly mixing if for all A and B as above 

hm i r\PiAnBo0,)-PiA)PiB)\Xidt) = O. 

T^OO 1 Jq 

In general, weak mixing is a stronger co ndition than ergo dicity, but the two notions coincide for 
both stationa ry Gaussian proces s es (se e iMaruvamal ()l949l ^) and for stationary infinitely divisible 



processes, see 



Rosihski and ZakI (|1997l ) (for stationary SaS processes this statement was estab- 
lished bv lPodgorskJ 119*92 '1). Furthermore, a stationary Ga ussian proce s ses is ergodic (weakly 
mixing) if and only if its spectral measure is atomless (again. IMaruvamal (|l949^ ). 

The following result shows that for stationary SaS processes with < a < 2 ergodicity is 
related to absence of the component corresponding to a positive flow. 

Theorem 3.1. A stationary SaS process is ergodic (equivalently, weakly mixing) if and only if 
the component X'^ in k2.21\) corresponding to a positive flow vanishes. 



Proof. We start with proving that a process generated by a null flow is weakly mixing. Co nsider 



first t he case T = Z. Let X be given in the form (11.111 with t he ke rnel of the form (|1.2|1 . By 
(1994) (see also the discussion of weak mixing in KrengeJ (1967)) weak mixing is equivalent to 
the following statement: for every compact set K bounded away from zero and e > 

^ n— 1 

(3.1) hm - V m (x : |/o(x)r G \f,{xT > e) = 0. 

n— >cxD n ^ — ' 



Fix K as above and let A = {x : |/o(a::)|" € K}. Then m{A) < oo. For 9 > we have 
-Vm(xGA: |/,(x)r >e)= / - V 1 (x G A : |/,(x)|" > e) m{dx) 
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m{dx) 



j=0 



n-l 



i=0 



n-l 



(3.2) +Jil.J2l{^^A: |/,(x)r >6)j 1 UX^|/,(x)r <ej m{d: 



n-l 



n-l 



n-l 



n-l 



m{dx) 



Let T : L^{m) L^(m) be defined by 



j=0 



dmocj) 

Tg = — g o . 

am 

Note that T is a positive contraction (actually, an isometry) on L^{m). Furthermore, \fj\ 
T^l/I" for all j > 0. 



By the stochastic ergodic theorem (see Theorem 4.9, page 143 in iKrengell ( 19851 )) the average 



n-l 



n-l 



-Ei/^-r = -E^'i/r 

j=0 j=0 

converges in measure, on any set of a finite measure, to a nonnegative function h € L^{m) which 
invariant under T. This means that the finite measure d/u = hdm is invariant under the map (p. 
Since the flow is null, the measure /x must be the null measure and, hence, the limit function h 
must be equal to zero. The convergence in measure then gives us that 

Jirn^rn [xGA: ^^Ifjix)]"" > ^ ) = 



j=Q 



for every 9 > 0. Letting in ()3.2() first n ^ oo, and then letting 9^0 verifies p.l[) and, hence, 
shows that a process generated by a null flow is we akly mixing. 



Suppose now that T = M. By Theorem 2 of iRosihski and Zald (|l997j ) ergodicity of X is 
equivalent to 

(3.3) 



hm ^ [ exp{2||X(0)||S-||X(t)-X(0)||-}dt = l. 

M— >oo M Jq 



Here 



19941 ). 



X(t) IIq, is simply the scaling parameter of the SaS random variable X{t); see lSamorodnitskv and Taaau 
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Recall that our processes are continuous in probability. Therefore, for every e > we can 
choose 5 > such that \\X{t) — X{s)\\a < e ii \t — s\ < 6. For such a pair of e and 6 we have for 
iV = l,2,... 

rN5 1 N 



(3.4) — / exp{2\\Xma-\\Xit)-Xm2}dt = —^Ij{5), 

{S) = f exp{2||X(0)||2 - \\X{t)-Xm'i} dt, 



where 

'(i-i)^ 
j = l,...,N. 

Suppose that 1 < a < 2. Then || • \\a satisfies the triangle inequality, and by the inequality 

(a + 6)" < + aa6"-i + 6" 
for a, 6 > we have for every j = 1, . . . ,N and t G [{j — 1)6, j6], 

\\x{t) - x{om <{e+ \\X{{j - 1)6) - X(O)IU)" 

< \\x{{j - 1)6) - xmia + - 1)*^) - ^(o)iir' + e". 

Therefore, 

Ij{6) > <5exp {2||X(0)||^ - \\X{{j - 1)6) - X(0)||^} exp {-e" - ae\\X{{j - 1)6) - X(0)||r^} . 
Therefore, 

hminf -1: / exp{2||X(0)||^ - - X(0)||^} dt 

1 ^ 

> exp {-e« - 2ae||X(0)||r'} liminf ^ ^exp {2||X(0)||^ - \\X{{j - 1)6) - X(0)||^} . 

Since the flow (cpt) is null, so is the discrete time flow and, hence, the discrete time process 
(X(n), n € Z) is ergodic. Therefore, 

1 ^ 

lim ^ l^exp {2\\X{0)\\- - \\X{ij - 1)6) - X(0)||^} = 1. 

JV— *oo iV 

Letting e — >^ we conclude that 

hminf i- /'^exp{2||X(0)||- - - X(0)||2} > 1. 

Similarly, using the inequality 

(a - b)l > a" - aa6"-^ 
for 1 < a < 2 and a, 6 > we have for every j = 1, . . . ,N and t G [(j — 1)6, j6] , 

- xmZ > (||X((i - 1)(5) - X(0)|U - 6)^ 
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> \\X{{j-l)5)-X 



and the same argument as above gives us 
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a-1 



ae''-'\\X{{j-l)6)-X 



1 



M 



limsup— / exp{2||X(0)||- - \\X{t) - X{0)rj dt < 1. 

M^oo J-VJ^ Jo 

Therefore, (|3.3|) holds. The argument for (|3.3|) in the case < a < 1 is similar (and even easier). 
Hence, a process generated by a null flow is ergodic (weakly mixing) in the case T = R as well. 
In the opposite direction, suppose that the component in ()2.21|) correspondin g to a positiv e 



flow does not vanish. The fact that X^ is not ergodic follows from Corollary 4.2 in lGrosd ((199^. 
Therefore, there are two stationary processes with different finite-dimensional distributions, Y^^^ 
and Y^^) and < p < 1 , such that 

{Y^^^ with probability p 
Y^^) with probability 1 — p 

(to see this, view the process X^ as defined on the canonical path space, take an invariant event 
A with probability < p < 1, and let Y^^^ have the law of X^ conditioned on belonging to A, 
and let Y*-^-* have the law of X^ conditioned on belonging to A'^.) 
Therefore, by (f2T7|l . 

+ Y(^) with probability p 
+ Y(2) with probability 1-p 
Since the characteristic functions of infinitely divisible random vectors (and, in particular, of SaS 
random vectors) do not vanish, we see that the processes X^ + Y(i) and X^ + Y(2) have different 
finite dimensional distributions. Therefore, 1)3. 5|1 implies that X is not ergodic. □ 



(3.5) 



X 



Remark 3.2. It is known (see lSurgailis et al.l (|1993M that all stationary SaS processes generated 
by dissipative flows are mixing, and we have seen that all processes generated by positive flows are 
not ergodic. On the other hand, there are processes generated by conservative null flows that are 
ergodic but not m ixing, simply because ergodi city and mixing are not equivalent for stationary 
SaS processes; see 



Gross and Robertson 



(12221). 



Combining the results of Theorem 13. II above and of Theorem 4.1 in ISamorodnitskvl (|2004a|) we 
obtain the following interesting characterization of processes corresponding to conservative null 
flows. 

Corollary 3.3. A stationary SaS process (X„, n S Z) is generated by a conservative null flow if 



and only if it is ergodic and n ^1'^ 



max,=i 



is probability as n 



oo. 
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A similar charact e rization holds for locally bounded continuous time stationary SaS processes 
(see ISamorodnitskvl (|2004b|)). 



4. Examples 



In this section we consider several examples of both discrete and continuous time stationary 
SaS processes and see how the notions developed in the previous sections apply here. 

Example 4.1. Consider a bilateral real-valued Markov chain with law Pxi-), a; € M, admitting 
an infinite cj-finite invariant measure vr. Define a cj-finite measure m on E = by 



m(-) 



P,{-)TT{dx). 



Suppo se that the Markov chain is m-irreducible and Harris recurrent (see e.g. 
(1993). 



Mevn and Tweedie 



Let X be a stationary discrete-time SaS process defined by the integral representation Hl.lf) . 
with M being a SaS random measure with control measure m, and 

fn{x) = Unix) f o (j)n{x) X £ E , n = 0, 1, 2, . . . , 

where (j) is the left shift operator on .E, f g L^dn), and a a zfcl-value d cocycle for the flow {(j)n)- 
This process was considered in lRosihski and Samorodnitskvl (jl996D who showed that this pro- 
cess is generated by a conservative flow and is mixing. By Theorem 13.11 we conclude that this 
process corresponds to a conservative null flow. 

Example 4.2. Here we consider the class of conti nuous time stationary Sa S processes corre- 
sponding to the so-called cyclic flows introduced bv lPipiras and Taaaul (|200J). These processes 
have a representation of the form 

(4.1) X{t) = [ [ 6(z)[^+^W*l.{-) g (z, {v + s{z)t},.) M{dz, dv), t£ M, 

where (5", 5) is a measurable space, 6, q and s are measurable (possibly, complex- valued) functions 
on 5, such that \h{z)\ = 1, q{z) > and s{z) ^ for all z £ S. Furthermore, M is a SaS random 
measure on E = {{z,v) £ S x IR4. : < t; < q{z)} with control measure m = a x X, where a is a 
cj-finite measure on S. Finally, g G L"{m) is assumed to be such that 



(4.2) 



a {z £ S : g{z, •) = a.e. on [0, q{z))} = 



(the full support assumption). In 1)4. 1() . [■]a and are respectively, the integer part and the 
fractional part with respect to a positive number a. 
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We will see that such a process is generated by a positive flow. We use Corollary 12.21 Assume 
e.g. that s{z) > 0. For any w G W 

w{t)\Mz,v)rX{dt)= r w{t) g(z,{v + s{z)t}^^^^ "A(dt) 



1 ~ fii^) U-v + nq{z)\ , , w , ^ 



1 n^'^ ( A 



Notice that for any w, z and t 



oo 



n=— oo 



^ ^ ) J{,v-t)+/q{z) + l V <Z) I 



Therefore, by (|4.,'-{jl and the full support assumption (|4.2|) we conclude that 

w{t)\ft{z,v)r\{dt) = ^ 



for m-a.e. {z^v) G E such that s(z) > 0. Since the argument in the case s{z) < is the same, by 
Corollary 12.21 the cyclic process is generated by a positive flow. 

Example 4.3. Let = Qi x M, where {p.i,!Fi,Pi) is the canonical probability space fii = R'* 
with the cylindrical cr-field, and Pi such that {Y{t,uji) = uJi{t), t G M, wi G is a measurable 
process with stationary increments. 

Let M be a SaS random measure on E with control measure Pi x A (where A is, as usual, the 
Lebesgue measure on M). Let (p G L"{X) and 

(4.4) X{t)= j / (^(y(t,wi) + z) M((i(Ji,dz), t G M. 



Notice that 



CO 

\ip {Y{t, uJi) + z)\°' m{dui, dz) 



Ei\ip{Y{t)+z)\'' X{dz)= / ip{z) X{dz) < oo 



for every t G M, and so the process X in (|4.4() is well defined. Furthermore, let {6t)t£R be the 
measurable group of left shift operators on l^i, and let 4>ti^i, z) = {9t{uJi), z) be the induced flow 
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on E. Notice that the measure m is preserved under this flow. To see this notice that for every 
ti < t2 < . . . < tk and t > 

m{{uJi,z) G E : Y{ti + t,uji) + z E A, Y{t2+t,uJi) -Y{ti+t,uji) £ Bi, . . . , 
Y{tk + t,uJi)- Y{ti + t, oji) G Bk-i} 
= El [1 {Y{t2 + t, ioi) - Y{ti + t,uji)£ Bi,..., Y{tk + t, ioi) - Y{ti + t, loi) G Bk_i) 

/CO 
l{Y{ti + t,uJi) + z £ A) X{dz) 
-OQ 

= X{A)Pi {Y{t2 + t,iOi)- Y{h + t, G Si, . . . , Y{tk + t, wi) - Y{h + wi) G B^-i) 

= X{A)Pi {Y{t2,u;i) - Y{ti,u;i) £ B^ ■ ■ ■ , Y{tk,u:i) - wi) G Bu-i) 

= m{{oJi,z) G E : Y{ti,uji) + z £ A, Y{t2,uJi) - Y{ti,uji) £ Bi,..., 

Y{tk,iOi)-Y{h,ui) £ Bk-i} 

by the stationarity of the increments of Y, for ah Borel sets A, Bi, . . . ,Bk-i with X{A) < oo. 
Hence the flow {(pt) preserves the measure of every measurable flnite dimensional rectangle, hence 
it preserves the measure m. Therefore, the process in (|4.4jl is a stationary SqS process. 
We will prove that, under the assumption 

(4.5) 1^(^)1 ^ CO in Pi-probability as |t| oo 

the process in ()4.4|1 corresponds to a null flow. 

To this end we use Corollarv 12.21 It is enough to show that for some w £ W 

(4.6) [ [ (I w{t) \ip (Y {t, uJi) + z)\'' dt) ^=e"'^/^dzPi{(koi) <oo. 

jQi J-oo \J-oo / v27r 

Indeed, the integral in ()4.6() can be written in the form w{t)h{t) dt, where 

h{t) = Ei\ip{Y{t) + G)\'' , t£R, 

and G is an independent (under Pi) of Y{t) standard normal random variable. Therefore, if we 
show that 

(4.7) lim h{t) = 0, 

|t|^oo 

then it is clear how to choose a w £ W such that 1)4. 6(1 holds. In order to prove 1)4. 7() . note that 
for every M > 

hit) = E, [|v9 {Y{t) + G)r 1 {\Y{t)\ < M)] + El [\ip {Y{t) + GT 1 i\Y{t)\ > M)] 

:= hi{t-M) + h2{t]M). 
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By H4.5() we immediately see that for every M, 

hi{t;M) < -^yW^P^ {\Y{t)\ < M) ^ 



as |t| oo. On the other hand, by the dominated convergence theorem, 



Therefore, 



1 

-oo V^TT 



hm limsup /i2(t; M) = 0, 



and so ()4.7() follows. 

Notice that if ()4.5() fails, then the process X will not, in general, be generated by a null flow. 
For example, if the process Y is, actually, stationary under Pi, then the process X is generated 
by a positive flow. To see this notice that, in this case, the process X can be represented in the 
form (tOHll with n' = x R, P' = Pi x Pg, A = l and B{t) = f{zy^/°'ip{Y{t,uJi) + z),te M, 
where Pq is the standard Gaussian law on M and / is the density of this law. 

Under the assumption 1)4. 5jl both conservative null and dissipative flows are possible. For 
example, if we strengthen the assumption ()4.5() to 

(4.8) \Y{t)\ oo Pi-a.s. as \t\ oo 

then the process X is generated by a dissipative flow. To see this note that under the assumption 
(|4.8j) there is a bounded strictly positive and monotone on both (— oo, 0] and [0, oo) deterministic 
function (p £ L°'{X) such that 

ip ( -y(t) ) < oo 
-oo \2 / 

Pi-a.s. If we replace the f unction y ? in th e definition of the process X by (p, we immediately 
conclude by Corollary 4.2 of lRosiiiskil (|l995l 'l that the new SaS process is generated by a dissipative 
flow. Since the kernel of the new process has support at least as large as that of the kernel of the 
process X, the latter process is also generated by a dissipative flow. 

On the other hand, if, for example, the process Y is, under Pi, a fractional Brownian motion 
with any < H < 1, then the process X is generated by a conservative flow (see Section 3 in 



S amorodnitskvl (j2004bD) and, hence, it corresponds to a conservative null flow. 
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